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Third International Olympiad, 1961

1961/1.
Solve the system of equations:

x + y + z = a

x2 + y2 + z2 = b2

xy = z2

where a and b are constants. Give the conditions that a and b must satisfy
so that x, y, z (the solutions of the system) are distinct positive numbers.

1961/2.
Let a, b, c be the sides of a triangle, and T its area. Prove: a2+b2+c2 ≥ 4

√
3T.

In what case does equality hold?

1961/3.
Solve the equation cosn x− sinn x = 1, where n is a natural number.

1961/4.
Consider triangle P1P2P3 and a point P within the triangle. Lines P1P, P2P, P3P
intersect the opposite sides in points Q1, Q2, Q3 respectively. Prove that, of
the numbers

P1P

PQ1

,
P2P

PQ2

,
P3P

PQ3

at least one is ≤ 2 and at least one is ≥ 2.

1961/5.
Construct triangle ABC if AC = b, AB = c and 6 AMB = ω, where M is
the midpoint of segment BC and ω < 90◦. Prove that a
solution exists if and only if

b tan
ω

2
≤ c < b.

In what case does the equality hold?



1961/6.
Consider a plane ε and three non-collinear points A,B,C on the same side of
ε; suppose the plane determined by these three points is not parallel to ε. In
plane a take three arbitrary points A′, B′, C ′. Let L,M, N be the midpoints
of segments AA′, BB′, CC ′; let G be the centroid of triangle LMN. (We will
not consider positions of the points A′, B′, C ′ such that the points L,M, N
do not form a triangle.) What is the locus of point G as A′, B′, C ′ range
independently over the plane ε?
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Tenth International Olympiad, 1968

1968/1.
Prove that there is one and only one triangle whose side lengths are consec-
utive integers, and one of whose angles is twice as large as another.

1968/2.
Find all natural numbers x such that the product of their digits (in decimal
notation) is equal to x2 − 10x− 22.

1968/3.
Consider the system of equations

ax2
1 + bx1 + c = x2

ax2
2 + bx2 + c = x3

· · ·
ax2

n−1 + bxn−1 + c = xn

ax2
n + bxn + c = x1,

with unknowns x1, x2, · · · , xn, where a, b, c are real and a 6= 0. Let ∆ =
(b− 1)2 − 4ac. Prove that for this system
(a) if ∆ < 0, there is no solution,
(b) if ∆ = 0, there is exactly one solution,
(c) if ∆ > 0, there is more than one solution.

1968/4.
Prove that in every tetrahedron there is a vertex such that the three edges
meeting there have lengths which are the sides of a triangle.

1968/5.
Let f be a real-valued function defined for all real numbers x such that, for
some positive constant a, the equation

f(x + a) =
1

2
+

√
f(x)− [f(x)]2

holds for all x.
(a) Prove that the function f is periodic (i.e., there exists a positive number
b such that f(x + b) = f(x) for all x).
(b) For a = 1, give an example of a non-constant function with the required
properties.



1968/6.
For every natural number n, evaluate the sum

∞∑

k=0

[
n + 2k

2k+1

]
=

[
n + 1

2

]
+

[
n + 2

4

]
+ · · ·+

[
n + 2k

2k+1

]
+ · · ·

(The symbol [x] denotes the greatest integer not exceeding x.)
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Nineteenth International Mathematical Olympiad,
1977

1977/1.
Equilateral triangles ABK,BCL,CDM, DAN are constructed inside the
square ABCD. Prove that the midpoints of the four segments KL, LM, MN, NK
and the midpoints of the eight segments AKBK, BL, CL, CM, DM, DN, AN
are the twelve vertices of a regular dodecagon.

1977/2.
In a finite sequence of real numbers the sum of any seven successive terms is
negative, and the sum of any eleven successive terms is positive. Determine
the maximum number of terms in the sequence.

1977/3.
Let n be a given integer > 2, and let Vn be the set of integers 1 + kn, where
k = 1, 2, .... A number m ∈ Vn is called indecomposable in Vn if there do not
exist numbers p, q ∈ Vn such that pq = m. Prove that there exists a number
r ∈ Vn that can be expressed as the product of elements indecomposable in
Vn in more than one way. (Products which differ only in the order of their
factors will be considered the same.)

1977/4.
Four real constants a, b, A, B are given, and

f(θ) = 1− a cos θ − b sin θ − A cos 2θ −B sin 2θ.

Prove that if f(θ) ≥ 0 for all real θ, then

a2 + b2 ≤ 2 and A2 + B2 ≤ 1.

1977/5.
Let a and b be positive integers. When a2+b2 is divided by a+b, the quotient
is q and the remainder is r. Find all pairs (a, b) such that q2 + r = 1977.

1977/6.
Let f(n) be a function defined on the set of all positive integers and having
all its values in the same set. Prove that if

f(n + 1) > f(f(n))

for each positive integer n, then

f(n) = n for each n.



��������� ����	�
����
� 
�����
�� ����
������� � ��	 � �
� ���

�� �
���
� ���� � � � � �� �� ����
 	������

��
������������ ��� ���� ��
�� 	����� �� ����� �
� ��
��� 
������������ �� ���
���� ��
�� 	����� �� ������ ���	 � ��	 � �
�� ���� � � ��� ��� ����� ���
��
�����!� � �� � ����� ����� ����	� � ����� ����
�� "�
�� �
�
���� ��
���	��#

��
 
��� �
�� � ����
���� ��� ����
� �� ������ �� �� ��	 	 $
 	������ ���
��
��% 	��������� �������� �� � �� ��� ��
����������	 	���
����	 �� ��� ���
��	 �	� ���	 ��� ���
� �� 
 ��
 ��� �
�� �
��	� �� 
��� �
�� �

�����&� "�� ��� �� ��� �������� ������
� �� ��� 
���� �� ��� 	��'���� �
�����
��(�)� �(!)� ���� �(�)� ����� ��(�)� �(!)� ���� �(�)� ����� ���
�

�(�) � �(!) � � � � � �(�) � � � � �

�(�) � �(!) � � � � � �(�) � � � � �

��	
�(�) * �(�(�))  ���
 ��� � � ��

+���
���� �(!,-)�
�����,� �� �
������ 
���
� * 
�� . ��
��� �� ������� ����
����� �� ���
��
�
���
��� �� �
������ 
�� ��	 ���� �� ��	�� 
��
� �� ��
� 
������������
/
��� ���� ��� ��	����� �� ������� �
 �� ��� �����
 �� ��� ����
��� �� �
������

���

�����0� 1�� ����(� * �� !� &� ���� �� ���) �� � ���
���� �� 	������� ��������
������
�� /
��� ���� ��
 ��� ���

�� �
���
� ��

��

���

��

��
�

��

���

�

�
�

�����2� .� ����
�������� ������� ��� ��� �����
� �
�� ��% 	�3�
��� ��
��
����
"�� ���� �� �����
� �������� ���� ������ �
���
�	 �� !� ���� ����� /
��� ����
���
� �� �� ����� ��� �����
 ����� �
���
 �� ��� �
� �� ��� �
���
� �� ���
�����
� �
�� ��� ��� ��
��
�� �
 ����� �� ��
�� �� ��� �
���
 �� ��� �����

�
�� ��� ��� ��
��
��



���������	
� ����
�
�	��
� �����	
�� ����
������� ��	 
��
���� ���� �� �	��	� 
�� ��� �������	 ���	�	�� � ��� ���	� ��
�����	�����	 ���	�	� ����	�� ����� 
�� ��� ���

��� ��� ����� ���� ! " �� �

���� ! "� ��#� � "� ��� ������� ! ####�

$	�	�%��	 ��������
������� � ��������
	�	� �������	 ������ �� ���	� &��� ���	� ��� ��� �� ��� ��
��	 ���	 �������	 ���� '�� ��� 	 ! �� �� #�
� �� ��	 %������� �
 ���	 ��� ��� ���
�� ��	 ����� &�	�	 ��	 ��
��
�	 ���
�	� ���	 ��� $	���	 () �� ��	 �	*	
����
�
 �� �� ��	 ���	���� (��	
��� �
 ����	 ��� +���	 ���� ��	 ���	� 
�� ���
����
��� 
��� ��	 
��
���	���
�����#� ,�����	� ��	 ������	 �	-�	�
	� �
�� �
 �������	 �	�� ��%(	�� &���
��	 
����&��� ����	���	�.


� ! �� ��� 
�� ��� 	 � "� 
��� � 
��

��� +���	 ���� 
�� 	�	�) ��
� �	-�	�
	� ��	�	 �� �� � � � ��
� ����


��

�
 

��

�
 � � � 


�
���


�
� #�����

�(� '��� ��
� � �	-�	�
	 
�� &��
�


��

�
 

��

�
 � � � 


�
���


�
� /�

�����/� +���	 ���� �
 � �� � �������	 ���	�	� ��
� ���� ��	 	-������


� � #
��  �� ! �

��� � �������� �� ���	�	�� �
� ��� ��	� �� ��� �� �	��� ���		 ��
� ����������
0��& ���� ��	 	-������ ��� �� ��������� �� ���	�	�� &�	� � ! �����
�����1� ��	 ��������� �� ��� �� �
 ��	 �	����� �	2���� ������ ��	
�����	� () ��	 ���	� ������ 
 ��� � � �	��	
���	�)� �� ����

�


��
!
��

��
! ��

$	�	�%��	 � �
 ��
� ��� � ��	 
�����	���



�����3� 4	� � (	 � �-���	 &��� ���	� �
 �	���� �""� ��� �	� � (	 � ����
&����� � &��
� ��	� ��� %		� ���	�
 ��� &��
� �� 
�%���	� �
 ���	 �	�%	���
����� ����� � � � � ������ &��� �� �! ��� 0�����	 ���� 
�� 	�	�) ����� � �

��	 (������) �
 � ��	�	 �� � ����� �
 � �� � ������
	 
��% � ��� ��	��	� ����
���� +���	 ���� ��	�	 ��	 �&� ������ � ��� � �� � ��
� ���� ��	 ������
	
(	�&		� � ��� � �� ��� ��	��	� ���� �� ��� ��	 �	���� �
 ���� ���� �
 �
&��
� ��	� (	�&		� � ��� � �� ��� �%���	� ���� ����



Twenty-fifth International Olympiad, 1984
1984/1. Prove that 0 ≤ yz + zx + xy − 2xyz ≤ 7/27, where x, y and z are
non-negative real numbers for which x + y + z = 1.
1984/2. Find one pair of positive integers a and b such that:
(i) ab(a + b) is not divisible by 7;
(ii) (a + b)7 − a7 − b7 is divisible by 77 .
Justify your answer.
1984/3. In the plane two different points O and A are given. For each
point X of the plane, other than O, denote by a(X) the measure of the angle
between OA and OX in radians, counterclockwise from OA(0 ≤ a(X) < 2π).
Let C(X) be the circle with center O and radius of length OX + a(X)/OX.
Each point of the plane is colored by one of a finite number of colors. Prove
that there exists a point Y for which a(Y ) > 0 such that its color appears
on the circumference of the circle C(Y ).
1984/4. Let ABCD be a convex quadrilateral such that the line CD is a
tangent to the circle on AB as diameter. Prove that the line AB is a tangent
to the circle on CD as diameter if and only if the lines BC and AD are
parallel.
1984/5. Let d be the sum of the lengths of all the diagonals of a plane convex
polygon with n vertices (n > 3), and let p be its perimeter. Prove that

n− 3 <
2d

p
<

[
n

2

] [
n + 1

2

]
− 2,

where [x] denotes the greatest integer not exceeding x.
1984/6. Let a, b, c and d be odd integers such that 0 < a < b < c < d and
ad = bc. Prove that if a + d = 2k and b + c = 2m for some integers k and m,
then a = 1.
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31st International Mathematical Olympiad

Beijing, China

Day I

July 12, 1990

1. Chords AB and CD of a circle intersect at a point E inside the circle. Let M
be an interior point of the segment EB. The tangent line at E to the circle
through D, E, and M intersects the lines BC and AC at F and G, respectively.
If

AM

AB
= t,

find
EG

EF

in terms of t.

2. Let n ≥ 3 and consider a set E of 2n − 1 distinct points on a circle. Suppose
that exactly k of these points are to be colored black. Such a coloring is “good”
if there is at least one pair of black points such that the interior of one of the
arcs between them contains exactly n points from E. Find the smallest value
of k so that every such coloring of k points of E is good.

3. Determine all integers n > 1 such that

2n + 1

n2

is an integer.



31st International Mathematical Olympiad

Beijing, China

Day II

July 13, 1990

4. Let Q+ be the set of positive rational numbers. Construct a function f : Q+ →
Q+ such that

f(xf(y)) =
f(x)

y

for all x, y in Q+.

5. Given an initial integer n0 > 1, two players, A and B, choose integers n1, n2,
n3, . . . alternately according to the following rules:

Knowing n2k, A chooses any integer n2k+1 such that

n2k ≤ n2k+1 ≤ n2
2k.

Knowing n2k+1, B chooses any integer n2k+2 such that

n2k+1

n2k+2

is a prime raised to a positive integer power.

PlayerA wins the game by choosing the number 1990; player B wins by choosing
the number 1. For which n0 does:

(a) A have a winning strategy?

(b) B have a winning strategy?

(c) Neither player have a winning strategy?

6. Prove that there exists a convex 1990-gon with the following two properties:

(a) All angles are equal.

(b) The lengths of the 1990 sides are the numbers 12, 22, 32, . . . , 19902 in some
order.
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THE ��th IMO� CANADA� ����



� First Day� July ��� ����

�� Let A� B� C and D be four distinct points on a line� in that order� The circles with
diameters AC and BD intersect at the points X and Y� The line XY meets BC at
the point Z� Let P be a point on the lineXY di�erent from Z� The line CP intersects
the circle with diameter AC at the points C and M � and the line BP intersects the
circle with diameter BD at the points B and N � Prove that the lines AM � DN � and
XY are concurrent�

�� Let a� b and c be positive real numbers such that abc � �� Prove that

�

a��b� c�
�

�

b��a� c�
�

�

c��a� b�
� �

�
�

�� Determine all integers n � � such that there exist n points A�� A�� � � � � An in the
plane� and real numbers r�� r�� � � � � rn satisfying the following two conditions�

�a	 no three of the points A�� A�� � � � � An lie on a line


�b	 for each triple i� j� k�� � i � j � k � n� the triangle AiAjAk has area equal
to ri � rj � rk�



� Second Day� July ��� ����

�� Find the maximum value of x� for which there exists a sequence of positive real numbers
x�� x�� � � � � x���� satisfying the two conditions�

�a	 x� � x����


�b	 xi�� �
�

xi��
� �xi �

�

xi
for each i � �� � � � � ���	�

�� Let ABCDEF be a convex hexagon with AB � BC � CD� DE � EF � FA�
and �BCD � �EFA � 
���

Let G and H be two points in the interior of the hexagon such that �AGB �
�DHE � ����� Prove that AG�GB �GH �DH �HE � CF�

�� Let p be an odd prime� Find the number of subsets A of f�� �� � � � � �pg such that

�a	 A has exactly p elements� and

�b	 the sum of all the elements in A is divisible by p�



SOLUTIONS

� First Day� July ��� ����

�� Let A� B� C and D be four distinct points on a line� in that order� The circles with
diameters AC and BD intersect at the points X and Y� The line XY meets BC at
the point Z� Let P be a point on the lineXY di�erent from Z� The line CP intersects
the circle with diameter AC at the points C and M � and the line BP intersects the
circle with diameter BD at the points B and N � Prove that the lines AM � DN � and
XY are concurrent�

Solution

Let the lines XY and DN meet at the point Q� Then triangles BPZ and QDZ are
similar� Hence ZQ

ZD
� ZB

ZP
or ZQ � ZD�ZB

ZP
� Since Z�D�B and P are �xed points� so

is Q� By symmetry� AM also passes through Q�



Alternative Solution

Draw a line through A parallel to BP � cutting the line XY at the point W� Then
triangles BPZ and AWZ are similar� Hence ZP

ZW
� ZB

ZA
� Since

ZA � ZC � ZX � ZY � ZB � ZD�

we have ZP

ZW
� ZC

ZD
� It follows that triangles CPZ and DWZ are also similar� so that

DW is parallel to CP� Since AM is perpendicular to CP� it is also perpendicular to
DW� Similarly� DN is perpendicular to AW� Finally� XY is perpendicular to AD�
Hence AM�DN and XY are concurrent at the orthocentre of triangle WAD�

Remark� This problem is very easy� and has many di�erent solutions� They may
be grouped into two types� The �rst solution� due independently to Sam Maltby and
Johannes Notenboom� the leader of the team from the Netherlands� represents those
in which only half of the diagram is considered� The second solution� due to Nazar
Agakhanov� the leader of the team from Russia� represents those in which the whole
diagram is considered� Other techniques used include Menelaus� Theorem and analytic
geometry�



�� Let a� b and c be positive real numbers such that abc � �� Prove that

�

a��b� c�
�

�

b��a� c�
�

�

c��a� b�
� �

�
�

Solution

Let

S �
�

a��b� c�
�

�

b��a� c�
�

�

c��a� b�

and de�ne

x �
�

a
� y �

�

b
z �

�

c
and T � x� y � z�

The positive real numbers x� y� and z satisfy xyz � �� Then

�

a��b� c�
�

x�

�

y
� �

z

�
x�yz

y � z
�

x�yz

y � z
�

x�

T � x

�
T � � �T � � x��

T � x
�

T �

T � x
� T � x�

This and the corresponding terms in y and z yield

T �

�
�

T � x
�

�

T � y
�

�

T � z

�
� 
T�

By the Arithmetic
Harmonic�Mean Inequality

S � T � � �

�T � x� � �T � y� � �T � z�
� 
T �

�T

�
� 
T �

x� y � z

�
�

By the Arithmetic
Geometric�Mean Inequality

S � �

�
�
p
xyz �

�

�
�

Equality holds if and only if x � y � z � �� which is equivalent to a � b � c � ��



Alternative Solution

Let x� y� z and S be as in the �rst solution�

S �
x�

y � z
�

y�

z � x
�

z�

x� y
�

By Cauchy�s Inequality�

��y � z� � �z � x� � �x� y��S � �x� y � z��

or S � x�y�z

�
� It follows from the Arithmetic
Geometric�Mean Inequality that

S � x� y � z

�
� �
�
� �
p
xyz � �

�
�

�

�
�

Equality holds if and only if x � y � z � �� which is equivalent to a � b � c � ��

Remark� The �rst solution is due to the proposer� Nazar Agakhanov� the leader of the
team from Russia� The second solution is due to Murray Klamkin� Several competitors
applied Chebychev�s Inequality directly to S �written in terms of x� y and z	 followed
by applications of the Root�Mean�Square
Arithmetic�Mean Inequality and Arithmetic

Geometric�Mean Inequality�



�� Determine all integers n � � such that there exist n points A�� A�� � � � � An in the
plane� and real numbers r�� r�� � � � � rn satisfying the following two conditions�

�a	 no three of the points A�� A�� � � � � An lie on a line


�b	 for each triple i� j� k�� � i � j � k � n� the triangle AiAjAk has area equal
to ri � rj � rk�

Solution

We claim that n � 
 is the only integer satisfying the conditions of the problem� For
n � 
� letA�A�A�A� be a unit square and let r� � r� � r� � r� � ��
� It remains
to show that no solution exists for n � 	� which implies that there are no solutions for
any n � 	�

Suppose to the contrary that there is a solution with n � 	� Denote the area of
�AiAjAk by �ijk� � ri � rj � rk� � � i � j � k � 	� If AiAjAkA� is convex�
then ri � rk � rj � r�� This follows from �ijk� � �k�i� � �jk�� � ��ij��

We cannot have ri � rj� If for instance r� � r�� then ���
� � ���	�� If A� and A�

are on the same side of A�A�� then A�A� must be parallel to A�A�� If they are on
opposite sides� then A�A� must pass through the midpointM of A�A�� The same can
be said about A�A� and A�A�� Since A�� A� and A� are not collinear� at most one of
A�A�� A�A� and A�A� can be parallel to A�A�� and at most one can pass through
M � This is a contradiction�

Consider the convex hull of A�� A�� A�� A� and A�� We have three cases�

First� suppose that the convex hull is a pentagonA�A�A�A�A�� SinceA�A�A�A� and
A�A�A�A� are convex� our observation yields r��r� � r��r� and r��r� � r��r��
Hence r� � r�� a contradiction�

Next� suppose that the convex hull is a quadrilateral A�A�A�A�� We may assume
that A� lies within A�A�A�� Then A�A�A�A� is convex� and we have the same
contradiction as before�

Finally� suppose that the convex hull is a triangle A�A�A�� Since

���
� � ���
� � ���
� � ���	� � ���	� � ���	��

we have r� � r�� a contradiction�



Alternative Solution

We proceed as in the �rst solution up to ri � rk � rj � r� if AiAjAkA� is convex�
Assume that r� � r� � r� � r� � r�� Then ����� is the greatest area among the
ten triangles determined by these �ve points� Hence both A� and A� lie within the
triangle B�B�B� which has A�� A� and A� as the midpoints of its sides B�B�� B�B�

and B�B�� respectively�

Suppose both A� and A� are inside A�A�A�� Then

���
� � ���
� � ���
� � ���	� � ���	� � ���	��

which implies that r� � r�� Since A� and A� are on the same side of A�A� and of
A�A�� A�A� must be parallel to both segments� This is a contradiction since A�� A�

and A� are not collinear�

We may now assume by symmetry thatA� is inB�A�A�� Then r��r� � r��r�� IfA�

is also inB�A�A�� then r��r� � r��r� so that r� � r�� This leads to a contradiction
as before� On the other hand� if A� is in A�A�B�B�� then r�� r� � r�� r� so that
r� � r�� This also leads to a contradiction�

Remark� The �rst solution is due to Bill Sands� The second solution is due to the
proposer of the problem� Karel Horak� leader of the team from the Czech Republic�



� Second Day� July ��� ����

�� Find the maximum value of x� for which there exists a sequence of positive real numbers
x�� x�� � � � � x���� satisfying the two conditions�

�a	 x� � x����


�b	 xi�� �
�

xi��
� �xi �

�

xi
for each i � �� � � � � ���	�

Solution

The given condition is equivalent to x�i �
�
xi��

�
� �

xi��

�
xi �

�

�
� �� which yields

either xi �
�

�
xi�� or xi �

�

xi��
�

We call the transition from xi�� to xi a move� Starting from x�� all possible moves are
represented by arrows in Figure �� The halving moves are represented by solid lines�
while the reciprocating moves are represented by broken lines� We have to return to x�
after exactly ���� moves�

Note that each row consists of distinct numbers as long as x� �� �� and the two rows
of numbers are either disjoint or identical� If they are disjoint� then it is not possible
to return to x� after an odd number of moves� since each move is between a number
enclosed by a circle and one by a square�

It follows that the two rows of numbers are identical� Even in this case� the task is only
possible if the numbers in the �rst row enclosed by circles are identical to those in the
second enclosed by squares� Moreover� the numbers in the two rows are descending in
opposite direction� It follows that one of the numbers must be equal to �� so that we
can replace Figure � by Figure ��

In order to maximize x�� there is no point in taking a reciprocal except on the very last
move� Of the remaining ���� moves� exactly half will be made on each side of �� Hence
the maximum value of x� is ���	�



Alternative Solution

As in the �rst solution� either xi �
xi��

�
or xi � �

xi��
� For i � �� we claim that

xi � �kix�i� for some integer ki with jkij � i and �i � ����ki�i� This is true for
i � �� with k� � � and �� � �� and we proceed by induction� If it is true for i � �
and xi �

�

�
xi��� then we have ki � ki�� � � and �i � �i��� while if xi �

�

xi��
�

then we have ki � �ki�� and �i � ��i��� In each case� it is immediate that jkij � i
and �i � ����ki�i� Thus x���� � �kx�

�
� where k � k���� and � � ������ with

� � jkj � ���	 and � � ���������k� It follows that x� � x���� � �kx�
�
� If k is

odd� then � � � and we have �k � �� a contradiction since k �� �� Thus k must be
even� so that � � �� and x�

�
� �k� Since k is even and jkj � ���	� k � ���
�

Hence x� � ���	� We can have x� � ���	� xi �
�

�
xi�� for i � �� �� � � � � ���
� and

x���� �
�

x����
� Then

x���� �
�

������x�
� x�

as desired�

Remark� The �rst solution is due to Johannes Notenboom� the leader of the team from
the Netherlands� It is along the line of that of the proposer of the problem� Marcin
Kuczma� the leader of the team from Poland� di�ering only in presentation� The second
solution is due to Sam Maltby�



�� Let ABCDEF be a convex hexagon with AB � BC � CD� DE � EF � FA�
and �BCD � �EFA � 
���

Let G and H be two points in the interior of the hexagon such that �AGB �
�DHE � ����� Prove that AG�GB �GH �DH �HE � CF�

Solution

Note that BCD and EFA are equilateral triangles� It follows that BE is an axis
of symmetry of ABDE� Re�ect BCD and EFA about BE to BC�A and EF �D
respectively� Since �BGA � ���� � �AC�B� G lies on the circumcircle of ABC��
Hence �AGC� � �ABC� � 
��� Let K be the point on GC� such that KAG
is equilateral� Then �C�AK � 
�� � �BAK � �BAG� Since C�A � BA
and AK � AG� triangles C�AK and BAG are congruent� It follows that GC� �
GK �KC� � GA�GB� Similarly� DH �HE � HF �� Hence

CF � C�F � � C�G�GH �HF � � AG�GB �GH �DH �HE�

with equality if and only if C�� G�H and F � are collinear in that order�



Alternative Solution

The result holds without the condition that �AGB � �DHE � ����� LetC� and F �

be as in the �rst solution� By Ptolemy�s Inequality�GC� �AB � GA�BC��GB �AC�

so that GC� � GA�GB� Similarly�HF � � HD �HE� It follows that

CF � C�F � � C�G�GH �HF � � AG�GB �GH �HD �HE�

Remark� The �rst solution is due to Bill Sands who observes that the lemma GC� �
GA�GB is a special case of Ptolemy�s Theorem which is featured in a ���� Putnam
Mathematics Competition� The second solution is due to Arthur Baragar� He uses
Ptolemy�s Inequality which is a stronger result than Ptolemy�s Theorem�



�� Let p be an odd prime� Find the number of subsets A of f�� �� � � � � �pg such that

�a	 A has exactly p elements� and

�b	 the sum of all the elements in A is divisible by p�

Solution

For any p�element subset A of f�� �� ���� �pg� denote by s�A� the sum of the elements

of A� Of the

�
�p
p

�
such subsets� B � f�� �� ���� pg and C � fp��� p��� ���� �pg

satisfy s�B� � s�C� � � �mod p�� ForA �� B�C� we haveA
T
B �� � �� A

T
C�

Partition the

�
�p
p

�
� � p�element subsets other than B and C into groups of size p

as follows� Two subsets A andA� are in the same group if and only ifA�
T
C � A

T
C

andA�
T
B is a cyclic permutation ofA

T
B withinB� SupposeA

T
B has n elements�

� � n � p� For some m such that � � m � p�

A�

�
B � fx�m � x 	 A

�
B� x�m � pg

�
fx�m� p � x 	 A

�
B� x � p � x�mg�

Hence s�A�� � s�A� � mn �mod p�� but mn is not divisible by p� It follows
that exactly one subset A in each group satis�es s�A� � � �mod p�� and the total

number of such subsets is p��
��

�p
p

�
� �

�
� ��



Alternative Solution

Let 	 be a primitive p�th root of unity� Then

�pY
i
�

�x� 	i� � �xp � ��� � x�p � �xp � ��

Comparing the coe�cients of the term xp� we have

� �
X

	i��i������ip �

p��X
j
�

nj	
j�

where the �rst summation ranges over all subsets fi�� i�� � � � � ipg of f�� �� � � � � �pg and
nj in the second summation is the number of such subsets such that i��i��� � ��in �
j �mod p�� It follows that 	 is a root of G�x� � �n� � �� �

Pp��

j
� nj	
j� which

is a polynomial of degree p � �� Since the minimal polynomial for 	 over the �eld
of rational numbers is F �x� �

Pp��

j
� 	
j� which is also of degree p � �� G�x� must

be a scalar multiple of F �x�� so that n� � � � n� � n� � � � � � np��� SincePp

j
� nj �

�
�p
p

�
� we have n� � p��

��
�p
p

�
� �

�
� ��

Remark� The �rst solution is due to the proposer� Marcin Kuczma� the leader of the
team from Poland� The second solution is due to Roberto Dvornicich� the leader of
the team from Italy� Nikolay Nikolov� a Bulgarian student� won a special prize for his
solution which is essentially along the line of the second one� Nikolay had won two Gold
Medals and one Silver Medal at the last three IMO�s� and topped o� his outstanding
career as a competitor by obtaining a perfect score this time�
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39th International Mathematical Olympiad

Taipei, Taiwan

Day I

July 15, 1998

1. In the convex quadrilateral ABCD, the diagonals AC and BD are perpendicular
and the opposite sides AB and DC are not parallel. Suppose that the point P ,
where the perpendicular bisectors of AB and DC meet, is inside ABCD. Prove
that ABCD is a cyclic quadrilateral if and only if the triangles ABP and CDP
have equal areas.

2. In a competition, there are a contestants and b judges, where b ≥ 3 is an odd
integer. Each judge rates each contestant as either “pass” or “fail”. Suppose k
is a number such that, for any two judges, their ratings coincide for at most k
contestants. Prove that k/a ≥ (b− 1)/(2b).

3. For any positive integer n, let d(n) denote the number of positive divisors
of n (including 1 and n itself). Determine all positive integers k such that
d(n2)/d(n) = k for some n.



39th International Mathematical Olympiad

Taipei, Taiwai

Day II

July 16, 1998

4. Determine all pairs (a, b) of positive integers such that ab2 + b + 7 divides
a2b + a + b.

5. Let I be the incenter of triangle ABC. Let the incircle of ABC touch the sides
BC, CA, and AB at K, L, and M , respectively. The line through B parallel
to MK meets the lines LM and LK at R and S, respectively. Prove that angle
RIS is acute.

6. Consider all functions f from the set N of all positive integers into itself sat-
isfying f(t2f(s)) = s(f(t))2 for all s and t in N . Determine the least possible
value of f(1998).
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